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A Lattice Theoretic Generalization of Normal Subgroups 
Let G be a iinite group, and let ;il be 2 7:~ -- i subgroup of G. in t:‘lis paper we 
pro\.c the. folloxving thcorcms about the structure of (;,.:I,, 
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2. hEI.IMIISARIES 
1. Xotation and Definitions 
We use standard notation and dctinitions of lattice theory and group theory as 
found in Birkhoff [I] and Scott [6]. Let a and b be elements of a lattice L. \Ve 
write {a/b} for the set of c in L such that b < c < a; qP for the mapping of L 
defined by p(x) = x u a; and & for the mapping of L defined by&,(x) = x n b. 
If Wand U arc subgroups of G, then we write TV < U < G if {G/ W) is a chain 
of length 2. 
A subgroup M of a group G is c&d modular if it is a m - I subgroup of G 
and 
for all subgroups c’ and J’of G such that MC V. 
A group G is called a P-group if it is either 
(9 an elementary Abelian p-group, or 
(ii) a group generated by a, ,..., a,, , and b with relations 
aip -7 bc x I, aiaj ..: ajai , b-‘sib = ai’, 
where p and q are primes and Y + I, Y” .F 1 (mod p). 
2. Some I,emmas about m --- 1 Subgroups 
In this section we give some lemmas about m - 1 subgroups of a finite group 
G which are used in the proofs of the theorems in Section 3 and Section 4. 
LEMx4 2.1. If M is a m - 1 subgroup of G and M is a maximal subgroup of G, 
then 114 is a modular subgroup of G. 
LEMMA 2.2. If M is a m - 1 subgroup of G and H is a subgyoup of G containing 
J4, then M is a m .- 1 subgroup of II. 
LEMMA 2.3. Let G be a$nitegroup. Then M is a m - 1 suhgyoup of G if and 
only if for all subgroups U of G, we have #u+41 : 1 (uIIMnu) . 
Proof. Suppose that M is a m - 1 subgroup of G. Let I/‘be a subgroup of G 
and let A E { C/:rV n El. Then 
since U n M < A < JJI Thus q&q!? 2 1 tUIrMcIU) .
Assume that &&P = ltR.IMnW) for all subgroups W of G. Let U and V be 
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subgroups of G such that U < V. Since c$~#P = I (vi,wnV) and hi v (IV A V) E 
(V/M n V), we have 
uw (Mn V) =l#yuu (Mn V)) 
= ((U u (M n V) u M)) n v 
=((UuM)u(Mn V))” v 
=(UuM)nV. 
Thus M is a m - 1 subgroup of G. 
LEMMA 2.4. If M is a m - 1 subgroup of 6, then +“q& = l~MuuIMj jar all 
subgyoups U of G. 
Proof. Let U be a subgroup of G and let A E {n/I v U/U). Since M is a 
m - 1 subgroup of G and U < A, we have 
LEMhIL4 2.5. If M and N are m - 1 subgroups oj G, then (MU N/M) z 
iNiM n No. 
o$ Since M is a m - 1 subgroup of 6, we have by Lemma 2.3 th 
%N = Itn;iMnrj) . Since N is a m - 1 subgroup of G, we have by Lemma 2 
that %“%N = 1 fMu.VlM~ . Thus (M u N/M) z (N/M n N). 
LEMMA 2.6. Let M be a m - 1 subgroup of G. If for some subgroup U of G, vie 
have M maximal in M u ll, then M n hi is maximal in U. 
Proof. By Lemma 2.3, we have 4&M = llLrlMna} for a91 subgroups hi of 6. 
Thus tiW is an injection. Since there can be no proper subgroup between M and 
w U and 4” is an injection, there can be no proper subgroup between M n U 
and U. Thus M n U is maximal in U. 
LEMMA 2.7. Let M be a m - 1 subgroup of G. If fw some subgroup U of 6, 
we kave {M w U/M) a chain, then (U/M n U} is a chain. 
Proof. Assume that (U/M n U> is not a chain. Then there are subgroups A 
and B of {U/M n U> such that A 4 B and B 4 A. Since (M u U/M) is a 
chain and +“(A), $“(B) E {M u U/U), we have $“(A) < 4”(B) 
+“(A). Thus A = $LI$M(A) < +,4(B) = B or A = #,#W(A) 3 r$ 
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This contradicts our assumption that A 4 B and B < A. Thus {U/M n U> is 
a chain. 
LEMMA 2.8. Let M and U be subgroups of the$nitegroup G. If G = MU, then 
P% = lG/M~ . 
Proof. Let B E(G/M). S’ mce G = &iTJ, we have B = M (B r‘l U) by 
Dedekind’s law. Thus qF&(B) = MU (B CT U) = M. (B n U) = B. 
LEMMA 2.9. If M is a m - 1 subgroup of G such that 1 G : M j = pn (p a 
prime, n > 1) and U is a subgroup of G whose index is prime to p, then (G/M’> E 
VJ/Mn V. 
Proof. Since (1 G : M j, j G : U 1) = 1, we have G = MU (by Lemma 2.18). 
Thus 4”& = ~GIMI - Since M is a m - 1 subgroup of G, it follows that 
hdM = lkJiMnU~ Y b Lemma 2.3. Thus {G/M) s {U/M n U} by the mappings 
q&, and $M. 
LEMMA 2.10. If M is a m - 1 subgroup of G such that / G : M / = p” 
(p a prime, n > 1) and P is a Sylow p-subgroup of G, then {G/M) g {P/M n P>. 
Proof. This follows from Lemma 2.9 since (I G : P j, p) = 1. 
LEMMA 2.11. Let L be a lattice, and let a, b, c, d, e, and f be elements of L. 
Assume that 
(i) a=buc=bue, 
(ii) d=bncandf =bne, 
(iii) e<c<a, 
(iv) ddb = 1~ , and 
(v> Mb = lkwfl . 
Then Add = 1m - 
Proof. Let x E {eif). Then let y = (b”(x) and z = @‘(y). We have y E {c/d) 
and x E {a/b). Then 
C”(x) = x u b = x u d u b = +b$d(x) = (b”(y) = x. 
Thus (ii) implies that 
me = z n e = z n c n e = &#&z) 
= hhL~b(YN = +t431)- 
By (v), we have 
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Therefore 
for all x E (e/f >. 
LEMMA 2.22. If M is a m - 1 subgroup of G and W is a subgroup of G? tl;eE 
M n W is a m - I subgroup of W. 
Proof. Let V be a subgroup of W. Then 
WnM<(Vu(WnM))nM 
<(Wv(WnM))nM 
= WnM. 
Thus (Vu(WnM))nM = WnM, Let A = VW&~, B = M, C = 
u(WnM),D=WnM,E= V,aandF= VnfW.ThenA = 
uE,,=B~n,F=BnE,andE~C~~.SinceM=Bi 
subgroup of 6, we have 
y Lemma 2.11, we have &jD = ltEIF) . Thus for all V < W, we have 
4°C WnM = Ii v/Lwnwinv) - 
y Lemma 2.3 this implies that W n M is a m - 1 subgroup of kF4 
LEMIVIA 2.13. If M is a m - 1 subgroup of G ad N < M is a ~o~rn~~ sub- 
group of 6, then M/N is a m - 1 subgroup of G/N. 
LEMMA 2.14. Let M be a m - 1 subgroup of G and bt N be a subgroup of G 
containing M, Assume that every subgroup L of G co~ta~~~~g M satis$es one of the 
~~o~~o~i~g : 
(i) e 3 N, 
(ii) N > L. 
Then N is a m - I subgroup of 6. 
Proof. Let U be any subgroup of G and Let A E (U/N n U>. Assume that 
A>NnU.SinceA~M>M,wehaveA~M>NorN>A~il4.If 
A v M < N, then A < N. Since A < U, we have .A < N n U. This contra- 
dicts our assumption that A > N n U. Thus it follows that A v M > N. 7%~ 
implies that A u M = A v N. Since M is a m - 1 subgroup of GF we have 
A =+&“(A) = (A u M) n U = (A w N) n hi = &j@‘(A), 
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for all A E { lJ/Nn U} such that A > N n U. Since &,,$N(N n U) = N n U, 
we have &$N = l(U,NnUl for all subgroups U of G. Thus N is a m - 1 sub- 
group of G by Lemma 2.3. 
LEMMA 2.15. If M is a m - 1 subgroup of G and {G/M) is a chain, then ezwy 
subgroup of G containing M is a m - 1 subgroup of G. 
Proof. Let {G/M) b e a chain, and let NE (G/M>. For each L E (G/M), we 
have L > N or N 3 L. Thus N is a m - 1 subgroup of G by Lemma 2.14. 
LEMMA 2.16. Let L, and L, be lattices. If a, is a m - 1 element of L, and 
a: L, +Lz is a lattice isomorphism of L, onto L, , then u(al) is a m - 1 element 
ofLz* 
LEMMA 2.17. If M is a m - 1 subgroup of G, then Mx is a m - 1 subgroup of 
GfoYallxEG. 
3. Some Lemmas in Group Theory 
In this section we prove some lemmas in group theory that are used in the 
proofs of the theorems of Section 3 and Section 4. 
LEMMA 2.18. Let H1 ,. .., H, be a set of normal subgroups of G. If n Hi = 1, 
then G is isomorphic to a subgroup of (G/H,) x .*. x (G/H,). 
LEMMA 2.19. Let HI , . . . , H, be a set of novmal subgroups of G such that 
n Hi = 1. If each G/H, is solvable (supersolvable, nilpotent), then G is solvable 
(supersolvable, nilpotent). 
LEMMA 2.20. Let Hl ,.. ., H, be a set of normal subgroups of G such that 
fiHi = l.IfeachG/H,h as ordkr p (p a prime), then G is an elementary Abelian 
p-group. 
LEMMA 2.21. Let Hl ,..., H, be a set of normal subgroups of G such that 
n Hi = 1. If each G/H, is a non-Abeliangroup of ordeYpq(p > q, p and qpYimes), 
then G is isomorphic to a subgroup of the direct product of non-Abelian groups of 
order pq. 
LEMMA 2.22. If M is a. m - 1 subgroup of G and M is a maximal subgroup 
of G, then either M is normal in G OY GIMo is a non-Abelian group of order pq 
(p > q, p and q primes). 
PYoof. By Lemma 2.1, it follows that M is a modular subgroup of G. Thus, 
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by [§, Theorem 21, it follows that either M is normal in 
Abelian group of order pq. 
hMMA 2.23. IjF M is a m - 1 subgroup of G and M is a maximal subgroup of 
6, t&n / G:MI =p(paprime). 
PYOOjf‘ y Lemma 2.22 either M is normal in G or G/M, is a non-Abelian 
group of order pq (p > q, p and q primes). If M is a maximal and normal sub- 
group of G, then / G : M j = p (p a prime) since G/M is a cyclic group with no 
proper subgroups. If GIMG is a non-Abelian group of orderpq, then j G : 144 [ = p 
(since p > q and M is not normal in G). 
kEMM.4 2.24. Let G be a$nite group, and let S and M subgroups of G szlch that 
S 2 M. ljr j M : MS j = p” (p apyime, k 3 I), then 
Proof. Since MS is normal in M and j M : MS / = pi;, it follows that J&/MS 
is a p-group. Thus Op(M) C MS . This implies that A&~/BP(M) is a p-group, 
Thus Op(Ms) C Op(M). 
Since @(MS) is a characteristic subgroup of MS and MS is normal in ?I&, it 
follows that OP(Ms) is a normal subgroup of M. Since ! M : IW~ / = p”: and 
I M, : @(A&~)! = pj, it follows that M/O~(M~) is a p-group. Thus CP(-M) C 
OPWs). 
Since Op(MJ C OP(M> and OJ’(,!!) C O*(-Ms), it follows that Op(iM) = 
opPw 
The proof of Lemma 2.25 can be found in [8, Proposition 1.41. The proof of 
Lemma 2.26 can be found in [5]. 
hMn’iA 2.25. Let G be a finite group of order p*q (p > q, p and q primes, 
n > 1). Then G is a P-group if and only if L(G) is 1 ower se~~~rnodu~a~, ail intervals 
ofE(G) are irreducible, and D(G) = I. 
LEMMA4 2.26. Let G be a P-group of order pnq, M a Sylow q”s~bg~o~p of G; 
and N the nor-mal elementary Abelian Sylow p-subgroup of G. Then 
(i) all the subgroups of G containing M are rnod~~a~, and 
(ii) {G/M) z L(N) is a modular lattice. 
LEMMA 2.27. If G is a P-group of order p”q (p > q, p and q primes, n > 1) 
and M is a SyEow q-subgroup of G, then G has no normal subgroups of index p. 
Proof- First we show that N,(M) = M. Assume that N,(M) f AK 
Let iV be a Sylow p-subgroup of G. Since G = MN, we have Nc(M) = 
M . (N n N,(M)) by Dedekind’s law. Since M is normal in ivy, N CT pj,(M) 
is normal in N,(M), and M n (N n No(M)) = 1, it follows that N,(M) = 
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M x (Nn N,(M)). By [8, Th eorem 41 this implies that L(G) is reducible. But 
by [8, Proposition 1.41, we have thatL(G) is irreducible. This contradiction shows 
that N,(M) = M. 
Next assume that G has a normal subgroup S of index p. We have MC S; 
thus M is a Sylow q-subgroup of S, and S is a normal subgroup of G. By the 
Frattini argument, we have G = S . N,(M). Since N,(M) = M, it follows 
that G = S * M = S. This contradiction shows that G cannot have a normal 
subgroup of index p. 
3. THE STRUCTURE OF G/M, FOR CHAINS OF LENGTH 2 
In this section we show that G/M, is a p-group when (G/M} is a chain of 
length 2, j G : M 1 = pz, and M is a m - 1 subgroup of G. We also obtain a 
number of results about the structure of G/Ma when {G/M) is a chain of length 2 
and M is a m - 1 subgroup of G. 
THEOREM 3.1. If M is a m - 1 subgroup of G, {G/M} is a chain of length n, 
j G : M 1 = p” (p a prime), and MG = 1, then there is a cyclic group P of order p* 
suchthatG=MPandMnP=l. 
Proof. Let Z = {X 1 X is ap-subgroup of G and G = MX}. Sincep” divides 
1 G 1, it follows that G has a Sylow p-subgroup S. Since (/ G : M 1, / G : S I) = 1, 
we have G = MS. Thus S E 2, so Z is not empty. Let P be a minimal element of 
Z contained in S. Since M is a m - 1 subgroup of G and G = MP, it follows 
that {G/M) E {P/M n P} by Lemma 2.10. Since {G/M} is a chain of length n, 
it follows that {P/M n P} is a chain of length n. 
(1) Assume that P is cyclic. Since P is cyclic, it follows that M n P is a 
normal subgroup of P. Thus 
(MnP)G = (MnP)PM = (MnP)“LM. 
Since MG = 1, this implies that (M n P)” = 1. Thus M n P = 1. Then P 
is a cyclic group of order pz such that G = MP and M n P = 1. 
(2) Assume that P is not cyclic. If M n P = 1, then P would be cyclic 
since L(P) = {P/M n P> is a chain and P is a p-group. Thus M n P # 1. 
Since P is not cyclic, P contains a maximal subgroup Q such that Q does not 
contain M n P. This follows from the fact that P has two maximal subgroups 
and {P/M n P> is a chain. Since P is a p-group and Q is maximal in P, it follows 
that Q is normal in P. Thus P = (M n P)Q. Then Q is ap-subgroup of G such 
that 
G=MP=M(MnP)Q=MQ. 
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Thus Q E .Z. But Q is properly contained in P, so Q E 2 contradicts our choice 
of P as a minimal element of .Z contained in S. Thus we see that P must be csclic. 
IVQ~C We may assume that P is contained in a given (fixed in advance) 
Sylow group of G. 
~EMA~A 3.1. &fnI <L < G is a chain ofkngtkz 2, Mis CI m - I .&group oj 
6, MG = 1, 1 G : L 1 = p, alzd / L : M ! = Y (p and P primes), then G is solvabb. 
Also the ~~~~~~~ng are true. 
(I) 4jiL is normal in G and M is normal in L, then 
(i) j G / = pi, and 
(ii) L is an elementary Abelian r-subgroup of order ri. 
(2) IfL is normal in G alzd M is not normal in L, then 
(i) ! G = p#qi (r > q, q a prime), and 
(ii) L is isomorphic to a subgroup oj a direct product of ~~?z-~~~~~~~~~ 
groups of order rq and i L j = $qj. 
(3) IfL is not normal in G and M is normal in L, then 
(i) G , = pqri (p > q, q a prime), and 
(ii) L, is an elementary Abelian r-subgroup of order ri. 
(4) IJL is not normal in G and M is not normal in L, thez 
(i) j G / = pp%j (p > q, r > s, q, and s primes), and 
(ii) L, is isomorphic to a subgroup of n direct product oj non-Abe&n 
groups of order rs and ; Lc j = ~5s. 
F%oo$ (I) Since L is normal in G, it follows that 191” is a normal subgroup 
of L for each x E G. Also / L : &fm / = q for each x s G. Since nG,, Mz = 1, 
we have by Lemma 2.20 that L is an elementary Abehan group of order ri. Thus 
we also have ~ G / = pri. 
(2) Since L is normal in G, it follows that iWLz is a normal subgroup of L 
for each x E 6. Since M is a nz - 1 subgroup of L which is maximal but nor: 
normal in k, we have by Lemma 2.22 that ,C/(M~)” is a non-/lb&an group 
of order q (r > q, q a prime) for each x E 6. Since nRG = 1, we have 
fiJEG (114~)~~ = I. Let U; ,..., Hk be the distinct conjugates of n/l, . Then I; is 
isomorphic to a subgroup of (L/H,) x ... x (L/H,) by Lemma 2.X. Thus 
/ 6, / = rigJ and j G i = pi@. 
(3) Since M is a m - 1 subgroup of G and M <E < G is a chain of 
length 2, it follows that L is a m - 1 subgroup of G. Since L is a 71% - 1 SUbgrGup 
of G which is maximal but not normal in G, we have by Lemma 2.22 that 
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G/L, is a non-Abelian group of order pq (p > q, q a prime). Since M #Lo , 
we have jL,:MnL,I = lL:Ml = Y. Since MisnormalinL, we have 
M n Lo is a normal subgroup ofL,. Since MG = 1, we have n&M n LG)2 = 1. 
Thus Lo is an elementary Abelian r-subgroup by Lemma 2.20. If j Lo / = ri, 
then 1 G / = pqri. 
(4) Since M is a m - I subgroup of G and M <L < G is a chain of 
length 2, it follows that L is a m - 1 subgroup of G. Since L is a m - 1 subgroup 
of G which is maximal but not normal in G, we have by Lemma 2.22 that 
G/Lo is a non-Abelian group of order pq (p > q, q a prime). Since M is a 
m - 1 subgroup of G, Lemma 2.12 implies that M n Lo is a m - 1 subgroup 
of Lo . We have M n L, is a maximal subgroup of Lo by Lemma 2.6. Thus, by 
Lemma 2.22 either M n Lo is a normal sugroup of Lo or L,/(M n Lc)L, is a 
non-Abelian group of order YS (Y > S, s a prime). 
If M n L, is a normal subgroup of L, , then (M n L$ is a normal subgroup 
ofL,foreachxEG.Also/LG:(MnLG)5j=PforallxEG.SinceM,=1, 
we have neEG (M n L,$ = 1. By Lemma 2.20 it follows that Lo is an elementary 
Abelian group of order ri and 1 G / = pqri. 
Assume that L,/(M n LG& is a non-Abelian group of order YS. Since Mo = 1, 
we have nlEG((M n L&$ = 1. Thus Lo is isomorphic to a subgroup of 
WGIHI) x ... x (L,/li,) by Lemma 2.21, If j Lo j = YV, we have 1 G / = pq#. 
COROLLARY 3.1. If M < L < G is a chain of length 2, M is a m - 1 sub- 
group of G, Mo = 1, and L is normal in G, then L = MG is supersolvable. 
Proof. By Lemma 3.1, it follows that L is either an elementary Abelian group 
or isomorphic to a subgroup of the direct product of non-Abelian groups of order 
yq (r > q, Y and q primes). Thus L is supersolvable. 
THEOREM 3.2. If M < L < G is a chain of length 2, j G : M / = pz, M is a 
m - 1 subgroup of G, andL is a normal subgroup of G, then M is a normal subgroup 
OfL. 
Proof. We assume that M is not a normal subgroup of L and derive a contra- 
diction. 
(1) We may assume that RIG = 1. Assume that the theorem has been 
proved when I~~ = 1. Let G be any group satisfying the hypothesis of the 
theorem. Then (M/M,) < (L/M,) < (G/M,) is a chain of length 2, 
((G/MG) : (M/n/r,)1 = pz, M/M, is a m - 1 subgroup of G/M, (by Lemma 
2.13) and L/M, is a normal subgroup of G/M, . Since (M/M,),,,G = 1, it 
would follow that M/M, is a normal subgroup of L/M, . This would imply 
that M is a normal subgroup of G. 
By Lemma 3.1, it follows that j G / = p”qfi (p and q primes, p > q) and L is 
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isomorphic to a subgroup of a direct product of non-Abelian groups of order pq. 
Thus L has a normal Sylow p-subgroup 5’ which is elementary Abelian. Let Q be 
a Sylow q-subgroup of L. 
(2) JJJQ) = 8. S’ mce L has a normal Sylow p-subgroup S, we have 
We arc done if we show G,(Q) = I. Let Y = CJQ) and let HI ,..., HTc 
denote the normal subgroups of L (described in Lemma 2.21) such that F, is 
isomorphic to a subgroup of (L/H,) x +.. x (L/H& Let +i denote the natural 
homomorphism of L onto L/H,. Then &(Q) is a Sylow q-subgroup of k/ 
(since L/E& is a non-Abelian group of order pq). Thus &(Q) is the centralizer of 
&(Q) in L/H, . Since &(V) centralizes &(Q) this implies that +i(V) C$i(Q). 
Thus &(V) is a q-group. Since V C S, it follows that &(Y) is a p-group. Thus 
&(Y) = 1 for all i. This implies that Y C fl Hi = 1. Thus V = Gs(Q) = i. 
There is a Sylow p-subgroup N of N of order p, which is not 
in L, and is such that QN is a Sylow p roup of G. 
is normal in G and Q is a Sylow q-subgroup ofE, the Frattini argument 
at G = L . NG(Q). From (2) and the definition, it follows that 
= NJQ) = Q. S’ mce L is normal in 6, G = k ~ NG(Q), and 
=Q,wehavejiV,(Q):Qi=IG:LI =p.Thustheorderofa 
SyIow p-subgroup of Nc(Q) is p. Since Nc(Q) is not contained in L, no Sy 
p-subgroup of NG(Q) is contained in L. Let N be a Sylow p-subgroup of N 
of order p. Then N is not contained in L. Since the normal Sylow p-subgroup S 
of L is a characteristic subgroup of L and e is normal in 6, it fohows that S is 
normal in 6. Thus NS is a Sylow p-subgroup of G. 
Since (G/M) is a chain of length 2 and 1 G : M / = p2> it follows from Theorem 
3.1 that there is a cyclic subgroup P of G of order p2 such that G = BP and 
M n P = 1. We may assume that P has been chosen so that 6” _C SN. 
(4) Final contradiction. Since P C SN, we have SN = SP. Thus P r! S 
is contained in the center of SN (since S and N are Abelian). Since P n S # Xv 
it follows that U = (P n S) N is a noncyclic group of order p”. Since N is not 
contained in L, we have U n L = P n S. Thus 
UnM=UnMnL=(PnS)nM=(PnM)nS=1nS=1. 
Since U is not contained in L, it follows that G = MU. Since (G/M) is a chain, 
Misam-lssubgroupofG,G=M~UandMnU=1,wehaveby 
Lemma 2.7 that L( U) is a chain. This contradicts the fact that U is a noncyclic 
group of order p2. 
THEOREM 3.3. There is no group G with the propmties: M <L < G is a 
chain of length 2, G : AZ 1 = p? (p a prime), :1f is a m I subgroup of G, and 
L is not a normal subgroup of G. 
Proof. \Ve assume that such a group exists and derive a contradiction. 
(1) \Vc may assume M, L I. Assume that the theorem has been proved 
when Mo = 1. Let G be a group satisfying the properties of the theorem. Then 
WV&) < OW&) < (W&4 . IS a chain of length 2, j(G/n/r,) : (M/M,-J/ = pz, 
M/MG is a m - 1 subgroup of G/M, (by Lemma 2.13), L/MG is a normal 
subgroup of G/MG, and (M/MG)GIMG = 1. The existence of G/MG contradicts 
our assumption that the theorem is true when MG = 1. 
(2) There is a normal subgroup N of G such that 1 G : N [ = q (p > q, 
q a prime). Since L is a m - 1 subgroup of G by Lemma 2.15 and L is a maximal 
subgroup of G, it fol$ows that L is a normal subgroup of G or G/L, is a non- 
Abelian group of order pq (p > q, q a prime). Since L is not normal in G, it 
follows that G/L, is a non-Abelian group of order pq. Let N be the subgroup of G 
such that N/L, is the normal subgroup of index q of G/L, . Then N is a normal 
subgroup of G and / G : N / = q. 
(3) The order of G is p”q and L, is an elementary Abelian p-group of 
order pm-l. Since N is a maximal and normal subgroup of G, we have G = IMN. 
Since M is a m - 1 subgroup of G and G = MN, we have (G/M} E 
{N/M n N} by Lemma 2.9. Thus {N/M n N} is a chain of length 2. Since 
jG:MnNl =p2q, we have lN:MnN[ =pz. Also MnN = MnL, 
and lN:L,I =p. Th us M n N < L, < N is a chain of length 2, 
1 N : M n N 1 = pz, M n N is a m - 1 subgroup of N (by Lemma 2.12), and 
L, is a normal subgroup of N. Thus M n N is a normal subgroup of index p of 
L, by Theorem 3.2. Since L, is a normal subgroup of G, we have (M n N)” is 
a normal subgroup of index p of L, for all x E G. Since MG = 1, we have 
nzEG (M n N)” = 1. Thus by Lemma 3.1, it follows that I,, is an elementary 
Abelian p-group of order pm-l. Also j G / = p”q. 
By Theorem 3.1 there is a cyclic group P of order p2 such that G = MP and 
MnP=l.LetZ=PnL,. 
(4) The center of N contains 2. Let Z(N) denote the center of N. Since 
G = MP, P is not contained in L, . Since L, is a maximal subgroup of N, this 
implies that N = PL, . By (2) it follows that LG is Abelian. Since P is cyclic, P 
is Abelian. Thus 2 = P n L, C Z(PL,) = Z(N). 
(5) The order of 2 is p. Since / G I = pmq, we have j N 1 = pm and 
IL, / = pm-l. Thus 
P”=INI =ILGI+VIP~LGI 
=p@.p2// PnL, I. 
Thus/Z\ = IPnL,] =p. 
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(6) The center of N is contained in P. Assume that Z(N) is not contained 
in P. Then P . Z(N) # P. Since G = MP and PC P. Z(N) C 6, we have 
P . Z(N) = P(M n P . Z(N)). Thus M n P . Z(N) # 1. Since P C~R~K&XS 
M n P ' Z(AJ>, we have lK?g >_ (M 1-3 P . Z(N)) for all y E P. If g E 6, t 
exists x E M and y E P such that g = xy. Thus 
But this contradicts Mo = 1. Thus we must have Z(N) 3_ P. 
(7) Z=Z(N)nL,. Since Z=PnL,, we have ZCZ(N)nL,. 
Suppose Z f Z(-N) n L, . Since Mn P= 1, we have MnZ = I. Thus 
IMZl =iMljZI =pm-2p.p=pm-1g.SinceiL/ =pm-~gandLIMZ,we 
have L = MZ. By Dedekind’s law this implies 
Z(N)nL, = Z.(Mn(Z(N)nL,)) 
=Z,(MnPn;P(N3nP;,)-Z.li =Z. 
ut this contradicts our assumption that Z # Z(N) n L, Tnus we must 
have Z = Z(M) f3 Lo . 
Since L is not a normal subgroup of G there is a subgroup L, of G such that 
L # L, , L R L, = L, , and L, = Lx for some x E P. Choose Q to be a Sylow 
q-subgroup ofLx and Iet H = (Q, Z>. S ince Z = Z(N) i3 L, , we have Z normal 
in 6. Thus N = QZ. 
(8) We have H A M = 1. By definition Q CL, = L” (x E P>* Since Z is a. 
normal subgroup of G and Z _CL, we have Z = Z” _CLz. Thus H CL. Then 
Since L, is a p-group, this implies that H n M is a p-group. Since j N j = pq, 
p > q, and j Z / = p, it follows that Z is the only subgroup of of order p. 
Thus Z>Hn M. Since Z n M = 1, we have Zis lnot a subgroup of 
Thus Z f H n M. This implies that H n M = 1. 
(9) Final contradiction. Since {G/M) is a chain, so is (M v !W/M>. S 
n 34 = 1, we have by Lemma 2.7 that L(H) = (H/H n M) is a chain. 
/ N / = pq so L(H) cannot be a chain. This contradiction shows that a group G 
satisfying the hypothesis of the theorem cannot exist. 
THEOREM 3.4. If M <L < G is a chain of Eetzgzgth 2, I G : M j = p2 (p a 
prime), and M is a m - 1 subgroup of G, then G/MG is a p-group. 
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Proof. By Theorem 3.3, L is normal in G. Thus by Theorem 3.2, it follows 
that M is normal in L. Lemma 3.1 implies that L/M, is an elementary Abelian 
p-group. Since / G : L / = p, it follows that G/Ma is a p-group. 
4. THEOREMS ABOUT THE STRUCTURE OF G/n/r, 
In this section we prove four theorems which give us a good deal of information 
about the structure of G/MG when G is a finite group and M is subgroup of G 
such that every subgroup of G containing M is m - 1. 
THEOREM 4.1. Let G be a jinite group and assunw that every subgroup of G 
containing M is a m - 1 subgroup of G. Also assume that / G : M 1 = p” (p a 
prime). Then G/M, is either ap-group OY a P-group of orderpnq (p > q, q a prime). 
Proof. Assume the theorem is false and let G be a counterexample of minimal 
order to the theorem. Choose M maximal among those subgroups of G for which 
the theorem fails. 
(a) We may assume that Mo = 1. 
Proof. Assume that Mo # 1. Then G/M, is a group of smaller order than G. 
By Lemma 2.13, it follows that A/Ma is a m - 1 subgroup of G/M, for each 
subgroup A of G containing M; i.e., each subgroup of G/Ma containing M/Ma is 
a m - 1 subgroup of G/M, . Also j G/M, : M/M, 1 = 1 G : M j = p”. Thus 
by the minimality of j G I, we get 
GIMG = (GIMG)I(M/MG)G,M, 
is ap-group or a P-group of order p”q contradicting the choice of G as a counter- 
example to the theorem. 
(b) M is not a maximal subgroup of G. 
Proof. Assume that M is a maximal subgroup of G. Then by Lemma 2.22 
either M is normal in G or G is a non-Abelian group of order pq (p > q, q a 
prime). If M is normal in G and Mo = 1, then 1 G / = p. This contradicts the 
fact that G is a counterexample to the theorem. If G is a non-Abel& group of 
order pq (p > q, q a prime), then we again have that G is not a counterexample 
to the theorem. Thus M cannot be a maximal subgroup of G. 
Let L be the intersection of all the maximal subgroups of G containing M. We 
consider two cases and get a contradiction in both. 
Case 1. Assume that L is normal in G. 
(1) If S is a maximal subgroup of G containing M, then S is normal in G. 
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Proof. If L is normal in G and j G : M 1 = p”, then G/L is a p-group. If S is 
a maximal subgroup of G containing &I, then S 3_L and S/k is a maximal sub- 
group of G/L (a p-group). Thus S/L is a normal subgroup of G/L. This implies 
that S is normal in 6. 
(2) If S is a maximal subgroup of G containing M, then S/MS is a P-group 
of order p+rp (p > 4). 
Proof. By (b), / G : M 1 = pn with n > 2. Thus S is a group such that all 
the subgroups of S containing M are m - 1 subgroups of S and j S : 12/1 j = gn-’ 
(p a prime, 1z - 1 > 1). So by the minimality of j G /, we have S/MS is a$-group 
or a P-group of order pn-lq (p > q, n - I 3 1). 
Assume that S/MS is a p-group. Then W(S) < M. But 09(S) characteristic 
in S and S normal in G implies that Op(S) is normal in 6. Thus OP(S) C 
Therefore W(S) = 1. Thus S is a p-group. Since 1 G :: S / = p, 
that G is a p-group contradicting that G is a counterexa.mple to the t 
(3) There is a unique maximal subgroup e of G containing M. 
Proof- If there exists two maximal subgroups S and T of G containing 
then & # S. Then since S/L is a p-group there exists a normal subgroup R of 
index p containing M. Thus S/MS h as a normal subgroup of index p. Since 
S/MS is a P-group of order pa-14 (p > q, q a prime), it contains no normal 
subgroup of index p by Lemma 2.27. Tllis contradiction shows that there is a 
uniqjue maximal subgroup of G containing n/r. 
(4) Conclusion. By Theorem 3.4, it follows that (G/M) is not a chain of 
length 2. Thus there are subgroups of G properly coutaining II/p and properly 
contained in%. Since L/&IL is a P-group of order p”-lq (p > q, q a prime): there 
exists an elementary Abelian p-subgroup NiA’WL of order pn-r (?z > 3) such that 
{L/W si W/M,). Th us there are subgroups U and V such that U f -Y, 
U#M,VfM,andUnV=M. 
Since U and V are m - 1 subgroups of G, we have that G/e’, and G/Vc are 
either p-groups or P-groups. Since L/lJ,(L/k/;;) is a normal subgrou 
G/ U,(G/ r/,) of index p, neither G/ UG nor G/V, is a p-group by Lemma 2.29. 
Thus both G/U, and G/V, are p-groups. Then G = /iI& = G/U, in VG is 
isomorphic to a subgroup of the p-group (G/ii,) x ( VG) contradicting that 
is a counterexample to the theorem. 
Case 2. Assume that L is not normal in 6. 
(1) No proper subgroup of G containing is normal in G. 
Pro& Assume there is a normal subgrou of G such that R > M and 
# G. Let S be a maximal subgroup of G containing A!. Since S/R is a maximaf 
subgroup of the p-group G/R, we have that S/R is normal in G/R. Thus S is 
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normal in G. Therefore there exists a maximal subgroup S of G containing M 
such that S is normal in G. 
Let P be a Sylow p-subgroup of G and let D be the intersection of all the 
subgroups of the form P n T, T a maximal subgroup of P, D normal in P. 
Also we have Q(P) _C D so P/D is an elementary Abelian p-subgroup. 
By Lemma 2.10, it follows that {G/M} z {P/M n P}. This implies {G/L} G 
{P/L n P} = (P/D). Thus (G/L} is isomorphic ot the lattice of subspaces of an 
elementary Abelian group. 
This implies that there exist subgroups Vi of G such that Ui n S = L and 
G = u Vi . But S normal in G implies L is normal in G = (J Ui contradicting 
the fact that we are in Case 2. 
(2) 1 G 1 = p”q where q is a prime, p > q, and m > n. 
Proof. Let S be a maximal subgroup of G containing M. By hypothesis S 
is a m - 1 subgroup of G. By (l), S is not a normal subgroup of G. Thus by 
Lemma 2.22 we have that G/S, is a non-Abelian group of order pq (p > q, 
q a prime). Let N/S, be the normal subgroup of order p in G/S,. Since 
j G : N / = q, we have M # N and G = M u N. By Lemma 2.9, it follows that 
(G/M} = {M u N/M} s (N/M n N}. Thus by Lemma 2.12 every subgroup of 
N containing M n N is a m - 1 subgroup of N. Since N is normal in G, we have 
[N:MnNI =IMuN:Ml = /G:Ml = 9”. Since G is a minimal 
counterexample to the theorem, N/(M n N)N is either p-group or a P-group of 
order pay (Y a prime, p > r). 
(i) Assume that N/(M n NjN is ap-group. Then Op(N) C (M n N)N C M. 
Since Or’(N) is characteristic in N and N is normal in G, we have that 09(N) is 
normal in G. Since MG = 1, we have Op(N) = 1. Thus N is ap-group of order 
pm (m 2 n) and j G 1 = p”q. 
(ii) Assume that N/(M n N)N is a P-group of order p% (Y a prime, 
P > y). 
We count the number of subgroups U of G containing M as a maximal sub- 
group in two different ways. The first method of counting shows that there are 
at most max(q, Y} + 1 such subgroups. The second method of counting shows 
that there are at least p + 1 such subgroups. Since q < p and Y < p imply 
max{q, r} + 1 < p + 1, we have a contradiction, and this contradiction shows 
that case (ii) cannot occur. 
First, we show that j G 1 = p”qy if (ii) occurs. Since (G/M} is isomorphic to 
the lattice of subgroups of an elementary-Abelian p-group of order p” and S is a 
maximal subgroup of G containing M, there exists a subgroup U containing M 
as a maximal subgroup such that S n U = M. Every subgroup of G containing 
U is a m - 1 subgroup of G and / G : U 1 = pn-r so by the maximality of M 
either G/U, is p-group or a G/U, is a P-group of order pn-% (s a prime, p > s, 
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n > 2). If G,I LrG is ap-group, then there is a maximal subgroup ;Pof G containing 
U such that 7;’ UC is normal in G/U, ~ Thus there is a normai subgroup T of G 
such that TI M and T # G. This contradicts (I). Thus Gj UG is a P-group of 
order p+% (s a prime, p > s, n > 2). Also G/S, is a non-Abelian group of order 
pq (p > 2). Since S r\ U = M, we have S, n UG = dl, = I. Thus / G 
divides / G : U, / . j G : SG / = p”qs. 
Since G : (M n lb”)” / = I G : IV / 1 N : (A4 A Pv~),~ = q pnr (Y and s 
primes), we have a’ = s and I G 1 = p”q~. 
Since ~ G 1 = p”qr and / G : M j = pn, we have / M / = 4’. Thus M has at 
most max(q, Y> f 1 maximal subgroups. For each subgroup U of G such that 
M is a maximal subgroup of U, it follows that U, n M is a maximal subgroup of 
M by Lemma 2.6. 
If U and V are different subgroups of G containing &I as a maxima! subgroup, 
then r/r, CJ Mf V, n M. For if U, n M= V, n M, then UG n M& 
~~nV~~=l.ThusIGj=IG:U:jU:MI;U:Zi,:=_p~.t(taprime) 
and this contradicts / G j = p”qr (q and Y primes) as shown above. Thus there 
are no more subgroups U of G containing M ‘s d a maximal subgroup than there 
are maximal subgroups of M of the form UC n M. Thus there are at most 
max{q, Y] f 1 subgroups U of G containing M as a maximal subgroup. 
Since (G/M] z {N/M n N) = lattice of subgroups of an elememary Abellan 
p-group of order pn (92 3 2) there are at least p + 1 subgroups of G containing 
&! as a maximal subgroup. 
Since maxjq, r> f 1 < p + 1, we cannot have at most max{q, Y> + 1 sub- 
containing Mas a maximal subgroup and at ieastp - 1 subgroups 
ning M as a maximal subgroup. This contradiction shows that 
case (ii) cannot occur. 
131 1 G I = pnq (p > q, q a prime, I2 3 1). 
PYOO~. Let U be a subgroup of G containing M as a maximal subgrorap. By 
Lemma follows that / U : M ( = p. Thus j G : U j = pn-l~ Since 
subgrou containing M is a m - 1 subgroup of G and ! G : U j = 
we have e minimality of G that G/UC is a p-group or a P-group of 
p”-ls (p > s, s a prime). By (1) no maximal subgroup of G containing U can be 
a normal subgroup of 6. Thus G/ UG is a P-group of arderp+4 (p > s, s a prime). 
Since j G ! = p”q with p > q, we have s = q. Thus G/ ij;: is a P-group of order 
p”-14. 
Let V be another subgroup of G containing M as a maximal subgroup. Then 
as above G/V, is a P-group of order P-lq. If hi, = VG , then U, = UG n VG = 
(U n V), = iMG = 1. Thus j G j = p”-lq (p > q) contradicting the fact that 
/G:Ml =p”.ThusU, # Vo.SinceM,=l,wehaveI;,$MandV~$lU. 
Pf (UGnM)f(VGnM), then since (?YGnM)n(VGnA/r)CUGn Vc == 
lV& = 1, we have ( UG n AI) n (V, n M) = 3. Since : M : U, n Ii4 i == 
j M : VG n M 1 = q, it follows that / II+! ! = q”. This contradicts the fact that 
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1 G j =p’“q. Thus U, n M = V, n M C U, n V, = 1. It follows that 
U,nM=l and /GI =pnq. 
Thus we may assume that there is a unique subgroup U of G containing M as a 
maximal subgroup. Let S be a maximal subgroup of G containing M. Since each 
subgroup of S containing M is a m - 1 subgroup of G and j S : M j = pm--l, 
we know that S/MS is a p-group or a P-group of order pm--lq, since G is a minimal 
counterexample. 
(i) Assume that S/MS is a P-group of order pn-lq for some maximal sub- 
group S of G containing M. 
Since S/MS is a P-group of order pa--l, there is an elementary Abelian group 
NJM, of order pn-r such that {S/M}r {N,/M,}. Since there is a unique 
subgroup U of G contaning M as a maximal subgroup, there must be a unique 
subgroup of Nr containing n/r, as a maximal subgroup. Thus Nl/Ms is an 
elementary Abelian p-group with exactly one subgroup of order p. Thus 
1 NJM, 1 = p and Nr contains M, as a maximal subgroup. Since (S/M) z 
{NJM,}, this implies M is maximal in S. 
Since there is a unique subgroup U of G containing M as a maximal subgroup, 
there is a unique maximal subgroup S of G containing M. Thus {G/M} is a chain 
of length 2. By Theorem 3.3 we cannot have {G/M} a chain of length 2, 
1 G : M j = pz, and S not normal in G. Thus we have a contradiction. 
(ii) Assume that S/M, is a p-group for all maximal subgroups of G 
containing M. 
First we show that there must be a unique maximal subgroup S of G containing 
M. For assume that there are two maximal subgroups S and T of G containing M. 
Then by Lemma 2.24 we have Op(M) = Op(Ms) = Op(M,). Since Op(MJ is 
characteristic in Ms and M, is normal in S, we have Op(MJ normal in S. Since 
Op(M,) is characteristic in M, and MT is normal in T, we have that O*(MT) is 
normal in T. Thus 09(M) is normal in (S, T) = G. Also Op(M) < M and 
M,=lsoO~(M)=l.ThenMisap-groupandIG:MI=p~.ThusGisa 
p-group, and this contradicts the fact that G is a counterexample to the theorem. 
Thus we may assume that there is a unique maximal subgroup S of G con- 
taining M. If A is any subgroup of G containing M and contained in S as a 
maximal subgroup, then {G/A} is a chain of length 2 and I G : A I = p2. Since S 
is not normal in G this contradicts Lemma 2.24. 
(4) We show G is a P-group of order pnq, where p and q are primes such 
thatp > q. 
Since MG is normal in G and MC MG, we have by (1) that G = MG. Since 
MuM30>_Mforallx~G,itfollowsthatG=U{M~M3CIXEG}.SinceM 
and Mx (x E G - N,(M)) are m - 1 subgroups of G, we have 
{G/M} g {N/M n N} = L(N) 
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by Lemma 2.9. For each Mi containing M as a maximal subgroup let N, = 
N n iWi = c$,(M& Th en since M is a maximal subgroup of lMi I we have 
1 = &(lW<) is a maximal subgroup of Ni = &,,(MJ. Since Ni is a p-group t 
implies that / Ni I = p. Also 
so N is generated by subgroups Ni of order p. 
Since M is a maximal and m - 1 subgroup of il& , we have / lk& : 
Since j M / = q this implies that j .lUi / = pq. Since Mis a maxima% subgroup of 
G such that the theorem fails, and since Mi is a subgroup of G properly containing 
M such that I G : Mf 1 = p-l, and since every subgroup of G containing MYi 
is a m - 1 subgroup of G, it follows by induction that G/(iM& is a p-group or 
P-group of order p”-lq (p > q, p and q primes). Since G/(M& cannot be a 
P-group by (I), we have G/(M,), is a p-group of order pn-rq. Thus 
/ Mi : (A!!& / = q since / G : Mi / = pn-i. Since / AJi 1 = py, we have 
i(M& / = p. But since p > q and / IMi 1 = pp, it follows that && has a unique 
subgroup of order p. It follows that (M& = Ni ~ Thus each Ni is a normal sub- 
group of Ni and N. Let N, and NY be two distinct subgroups of Nof order p defined 
by Ni = N n Mi and Nj = N n lWj where Mi and MT are subgroups of G con- 
taining M as a maximal subgroup. Since Ni and ivj are normal subgroups of N5 
we have i Ni u Nj I = p2. Thus Ni w Nj is an Abelian group. This i.mplies 
that (Ni , NJ = 1. For each Ni let ai be an element of G of order p such tbat 
Ni = (ai). Since N is generated by elements of order p which centralize each 
other, N is an elementary Abelian p-group of order p”. Moreover, it is possible 
to choose a,, a2 ,..., a, in N (where (a,) = Ni = N n MJ such that M i.s 
generated by a,, a2 s..., a, subject to the relations sip = I, aiai = ajai if i f 3~ 
Let A be any subgroup of N. Since il4 is a PZ - 1 subgroup of G and A < N, 
we have (A u M) CT N = A u (M R N) = A. Since N is a normal subgroup 
of G this implies A is a normal subgroup of A il M. Thus M normalizes A. 
In particular M normalizes each of the subgroups of order p of N. 
Let 34 = (b). Since M normalizes each Ni = (ai) (I < i < n) there exist 
integers /$ (1 < i < n) such that 
b-la,b = a:, pi” zz 1 (modp). 
If i #i, then aiaj is an element of order p. Since (aiaj) is normalized by , 
there exists an integer ,8 such that 
b-l(a,aj)b = (aiaj>fl. 
Since N is Abelian (&aJa = azoaj@. Thus 
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Since (a,) n (q) = 1, it follows that 
afi-o a”-“; r-7 1. I 3 
Thus ,& 1. T j3 +i pj (mod p). Thus for each i we have 
a? * aiB, 
so we can choose an integer Y such that 
&‘a$ = air, yq .x 1 (mod p). 
If Y = 1 (modp), then G is an Abelian group and MG = A!!. This would 
contradict Mo = 1 so we must have Y f 1 (mod p). 
But then G is generated by elements n, ,..., a, satisfying the relations 
Q$Zj = ajal (i f-j), and 
where p and q are primes (p > q) and Y is an integer such that Y + 1, @ = I 
(mod?). Thus G is a P-group of order pnq contradicting the fact that G was 
chosen as a counterexample to the theorem. 
COROLLARY 4.1. If G is a$nite group, M is a m - 1 subgroup of G, {G/M} is 
a chain, and 1 G : M 1 = pn (p a prime), then G/Ma is either a p-group OY a 
P-group of order p”q (p > q, q a prime). 
Proof. Since {G/M} is a chain and M is a m - I subgroup of G, Lemma 2.15 
implies that every subgroup of G containing M is a m - 1 subgroup of G. Thus 
by Theorem 4.1, it follows that G/M, is either a p-group or a P-group of order 
P”4* 
THEOREM 4.2. Let G be a jkite group and assume that each subgroup of G 
containing M is a m - 1 subgroup of G, then GIMG is solvable. 
Proof. Assume that the theorem is false and let G be a counterexample of 
minimal order. 
(1) We may assume MG = 1. 
Proof. Suppose Mo # 1. Then G/M, is a group of smaller order than G, 
and by Lemma 2.13 each subgroup of G/M, containing M/Ma is a m - 1 
subgroup of G/M, . Since G is a counterexample of minimal order, G/M, = 
WWI(MIMG)GIM, is a solvable group. This contradicts the fact that G is a 
counterexample to the theorem. 
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Let S be a maximal subgroup of G containing . Since S is a m - 1 subgroup 
of G we get j G : S j = p (p a prime) by Lemma 2.23. 
(2) If S is a normal subgroup of G, then G is solvable. 
Proog’. By Lemma 2.2 every subgroup of S containing M is a m - 1 sub- 
group of S. Since G is a counterexample of minimal order, we have S/n/r, 
solvable. Since S is a normal subgroup, we have S/MS s S,/(~IJI~)~ for all x E 6. 
Thus S/(M,)” is solvable for all x E G. Since M, = I and (AMs)z i’ M” for all 
x E G, we have &.ec(Ms)x = 1. By Lemma 2.19 it follows that S = S/ 
is solvable. Since 1 G/S j = p (p a prime), it follows that G/S is a solv 
Since G has a normal subgroup S which is solvable and G/S is solvable, it folfows 
that G is solvable. This contradicts G being a counterexampEe to the theorem. 
(3) If S is not a normal subgroup of G, then G is sohble. 
Proof. Since S is a maximal subgroup of G which is a m - 1 subgroup of G, 
but not a normal subgroup of G, we have by Lemma 2.19 that G/S, is a non- 
Abelian group of order pq (p > q, p and q primes). Let N/S, be the normal 
group of G/S, of index q. Then N is a normal subgroup of G of index q. 
’ Lemma 2.72 every subgroup of N containing M R AJ’ is a m - I subgroup of 
N. Smce G is a counterexample of minimal order to the theorem, this implies 
that A<i(lui n N),, is a solvable group. Thus M > (I@ n N),v 3 Na, where N= is 
the smallest normal subgroup A of N such that N/A is a solvable group. Since 
N” is a characteristic subgroup of N and N is a normal subgroup of 6, it fohows 
that M” is a normal subgroup of G. Since MG = I, AT” is a normal subgroup of 
6, and Np C &R/r, we have N” = 1. Thus N is a solvable group. Since 
1 G/N I = q (q a prime), it follows that G/N is a solvable group. Since IV is 
solvable and G/N is solvable, it follows that G is solvable. This contradicts the 
fact that G is a counterexample to the theorem. 
COROLLARY 4.2. If G is a Jinite group, M is a m - 1 subgroup of 
(G/M) is a chain, then G/MG is solvable. 
.PYOC$ Since (G/M) is a chain and M is a m - I subgroup of G, Lemma 2.15 
implies that every subgroup of G containing M is a m - I subgroup of 6. Thus 
by Theorem 4.2, it follows that G/MC is solvable. 
5. EXAMPLES 
In this section we give examples to show the limits of the theorems proved in 
Sections 2, 3, and 4. 
LEMMA 5.1. Let p and q be primes, and let E be an elemerztary Abe&an q-grou$ 
of order q” (n a positive integer). Assume that p divides q” _ 3, but p does rzot 
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divide q” - 1 for any positive integer m < n. Then E admits an automorphism of 
order p which acts irreducibly on E. 
Proof. Since p divides qn - 1 we can choose a E E = GF(q”)* such that a 
has order p. Let CT: E -+ E be defined by o(x) = ax for all x E E. Then u is an 
automorphism of E of order p. 
Suppose E,, # 1 is a subgroup of E which is left invariant by CT. Since a(O) = 0, 
it follows that CT acts on E,*. Since u has no nonzero fixed points and 0 has 
order p, it follows that every orbit of u has length p. Thus p divides j E,* / = 
/ E,, j - 1. Since 1 E,, / = q” (m < n) and since n is the smallest positive integer K 
such that p divides qk - 1, it follows that m = n. Since E,, C E, this implies 
that E,, = E. Thus u acts irreducibly on E. 
LEMMA 5.2. Let GI be the semidirect product of the elementary Abelian group 
E by the automorphism u, where E and u are as given in Lemma 5.1. Also let M be a 
subgroup of E. Then 
(i) M is a m - 1 subgroup of Gl , 
(ii) {GJM) is a chain if M is maximal in E, 
(iii) j Gi : M j = pq when M is maximal in E, and 
(iv) M”, = 1 when M # E. 
Proof. Let P = (u). Since o acts irreducibly on E, it follows that there is no 
subgroup H of Gr such that P _C H C GI , H # P, H # GI . To prove (i) we 
need to show that &,$M = 1 (Ui~l,-,vl for all subgroups Uof Gr . If U C E, then the 
equality holds since E is Abelian. If U g E, then U 3 (u)” for some x E Gr . 
This implies that U = (u)“. In this case the equality holds since L( U) is a chain 
of length 1. 
Let M be a maximal subgroup of E. Since L is normal in Gr , it follows that L 
is the unique maximal subgroup of Gi containing M. Thus {GJM} is a chain of 
length 2 and 1 Gr : M 1 = pq. 
If M # E is a subgroup of G, , then M is not a normal subgroup of Gr since 
u acts irreducibly on E. Thus MG = 1. 1 
LEMMA 5.3. Let p and q be primes and let E be an elementary Abelian q-group 
of order qp. Assume that p divides q - 1, but p2 does not divide q - 1. Then E 
admits an automorphism of order p2 which acts irreducibly on E. 
Proof. Let F be a field with q elements and let K be an extension field of F of 
degreep. Thus j K / = q*. Sincep divides q - 1, it follows that qp-1 is divisible 
by p2. Let K* be the set of nonzero elements of K. Since I K* I = qp - 1, 
there is an element fl of order p2 in K *. Let u : K -+ K be defined by U(X) = /3x 
for all x E E. Then u is an automorphism of E of order pa. 
Suppose Es is a subgroup of E that is left invariant under u. Since a(O) = 0, 
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it follows that u acts on E,*. Since (r has no nonzero fixed points and 0 had order 
pz, it follows that every orbit of u (acting on E,,*) has !ength p2. Thus p2 divides 
I&” j s j E, j - 1. Let j Es [ = g” (0 < m < p). Then p divides 82.. This 
implies that .EO = (0) or E. Thus CJ acts irreducibly on E. 
LEMMA 5.4. Let 6, be the semidirect product of the elementary ~~el~~~ group 
E by the a~tom~~phism 5, zt&ere E and o are dejked in Lemma 5.3. JfL = (E3 DY), 
then L is a P-group. 
Proof. Let F be a field with q elements, K an extension of F of degree p, 
and /3 an element of K of order p2. Let a: = p”. Then 05 is the unique element of 
order p in F*. Since p2 does not divide q - 1, we have j3 $F* = F(P)” 
Since/F = a EF, it follows that l,..., /3-l is a basis for E as a vector space over 
.P. Then o: E + E defined by U(X) = p x is a nonsingular linear t~ansfo~m~tio~ 
of K. Since 1, p,..., /F-l is a basis for K, it follows that one matrix representing ci 
is A = [aJ where ai,iil = 1 (1 < i <p - 13, a9,i = o(, and Q = 0 (otherwise), 
Since Ag = oil it follows that U* = od: Since 01 EF, this implies that (TP fixes all 
the subspaces of the vector space K. Thus up is an automorphism of order p of 
the elementary Abelian group E which fixes all the subgroups of B. Thus 
L = (E, CT”> is a P-group. 
LEMMA 5.5. Let G, be thegroup constructed &Lemma 5.3, a?& IetL = (I?? @j~ 
2” M is a maximal subgroup of L different from E, then 
(i) M is a m - 1 subgroup of G2 , 
(ii) iI!& 2 = 1, 
(iiij M is not nilpotent, 
(iv) M < L < Gs is a chain of length 2, and 
(v) L is normal in 6, while M is not normal in L 
Proof. Let P = (D). Since (J acts irreducibily on E there is no subgroup H 
ofG,~uchthatNfP,H#G,,andP_CH_CG,.SinceE=(~,:,~jand 
67, = (E, u), it follows that E is a normal subgroup of . Thus k, contains all 
the elements of G, of order p. It follows that L and the conjugates of (g) give 
all the maximal subgroups of Gs . 
To prove (i) we need to show that &$” = 1 fviMnnv) for all subgroups U of 
If U is contained in L, then the equality holds sineeL is a P-group. If U CL, then 
U = (0)” for some x E G. If M n (CT)" = 1, then $“((cr”)) = L. T 
that the equality holds when U = (u)~ and M n U = 1. If M fi <D)” = (erp)‘, 
then (UjM n U)is a chain of length 1. This shows that the equality holds when 
U = <CT>” and M n U = (of’>“. Since the equality holds for all U < 6, i M 
is a 9n - 1 subgroup of G, . 
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Since M is a maximal and nt - 1 subgroup of L which is not normal in L, it 
follows thatL/M, is a non-Abelian group of order pq (q > p). Since j L : M i = q, 
we have 1 &I : AIL ; = p. This implies that M, = M n E. Since Mc’G, C :\I, , 
this implies that :Vo, C E. Since 0 acts irreducibly on E and M is not normal in 
G, , it follows that JZ,z = 1. 
Since ! Al) =- 4pp-l and L is a P-group, it follows that &I is not nilpotent. 
Since L and (c)~ (X E G,) are the only maximal subgroups of G, , it follows 
that M < I, < Ga is a chain of length 2. 
The set of examples constructed in Lemma 5.3 shows that the conclusion of 
Theorem 4.2 cannot be strengthened to G/M, being nilpotent. These examples 
also show that the hypothesis ; G : n/I i = pa in Theorem 3.2 cannot be omitted. 
The set of examples constructed in Lemma 5.2 shows that Theorem 2 in (5) 
cannot be proved if we assume that M is a m - 1 subgroup of G rather than that 
M is a modular subgroup of G. These examples also show that the hypothesis 
1 G : M ! = ps cannot be omitted in Theorem 3.4. 
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